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Abstract
One of the firm predictions of inflationary cosmology is the consistency relation
between scalar and tensor spectra. It has been argued that such a relation –if experi-
mentally confirmed – would offer strong support for the idea of inflation. We examine
the possibility that trans-Planckian physics violates the consistency relation in the
framework of inflation with a cut-off proposed in astro-ph/0009209. We find that de-
spite the ambiguity that exists in choosing the action, Planck scale physics modifies
the consistency relation considerably. It also leads to the running of the spectral in-
dex. For modes that are larger than our current horizon, the tensor spectral index is
positive. For a window of k values with amplitudes of the same order of the modes
which are the precursor to structure formation, the behavior of tensor spectral index is
oscillatory about the standard Quantum field theory result, taking both positive and
negative values. There is a hope that in the light of future experiments, one can verify
this scenario of short distance physics.
1amjad@astro.uwaterloo.ca
2jlhovdeb@sciborg.uwaterloo.ca
3mann@avatar.uwaterloo.ca
1 Introduction
One of the intriguing properties of inflationary cosmology, which could be used to test the
fundamental theories of quantum gravity, is its capacity to accommodate sub-Planckian
fluctuations that were redshifted exponentially during a quasi-de-Sitter expansion of the
universe [1]. Many realizations of inflation predict several more e-foldings than are required
to solve the problems of standard cosmology [2]. Assuming that these inflationary models
are correct, all scales of cosmological interest today originate inside the Planck scale at the
early stages of inflation. These fluctuations would be manifest in the temperature anisotropy
of the cosmic microwave background radiation (CMBR), which can be regarded as a fossil
record of primeval inhomogeneities. It is therefore reasonable to expect that by studying the
cosmic microwave background radiation one can extract information about physics at very
small distance scales [4].
Several approaches have been employed to find out how modifications of Planck scale
physics affect orthodox calculations of the power spectrum in the context of Quantum Field
Theory. Originally, Brandenberger and Martin considered the effect of Planck scale physics
to be encoded in modifications to dispersion relations [3]. Similar methods were employed to
investigate the same phenomenon in the context of black hole physics [5, 6]. These modifica-
tions were inspired by higher dimensional models of the universe [7] or from condensed matter
analogs of gravity [8]. It was shown that the prediction of a thermal Hawking spectrum is
insensitive to modifications of the physics at the trans-Planckian end of the spectrum.
In an inflationary setting Planck scale physics may or may not leave an imprint, depending
on whether the mode behaves adiabatically when its wavelength is smaller than the cut-off
scale. Nonadaibatic evolution of a mode when its wavelength is smaller than the Planck
scale results in an excited state at the time that the wavelength crosses the Hubble radius
during inflation [9]. However, since this leads to a large amount of particle production by
trans-Planckian physics, it has been claimed that such a possibility is excluded [10, 11].
Danielsson proposed a method in which our lack of knowledge about Planck scale physics
is parametrized in the choice of state at the time a mode reaches the minimum scale [12]. The
state at the minimum scale-crossing is the state of minimized uncertainty. Modifications to
the standard analysis are of order H/Λ, where H is the Hubble parameter during inflation
and Λ is the scale at which new physics appears. This scenario was later generalized to
power-law backgrounds in [13].
A beautiful mechanism was suggested in [14] to incorporate minimum length into the
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inflationary formalism. The only assumption underlying this formalism is that the fun-
damental theory of quantum gravity possesses a linear operator X i for every space-time
coordinate and that its expectation value 〈X i〉 is real. One can then show that the short
distance structure of any such coordinate could not only be continuous or discrete, but could
also be unsharp in one of two ways [15]. The two unsharp cases are distinguished by the
so-called deficiency indices of X i being either nonzero and equal (Fuzzy type A) or unequal
(Fuzzy type B) [15]. In the case of fuzzy type B, sequences of vectors in the physical domain
exist such that △X i converges to zero. They are fuzzy in the sense that vectors of increasing
localization around different expectation values in general do not become orthogonal. Fuzzy
type A behavior has appeared in a number of studies in quantum gravity and string theory
where the uncertainty in △X i has a finite lower bound at Planck scale [16]. This short
distance structure can be modelled as quantum gravitational correction to the commutation
relation between the position and momentum operators
[X,P] = i(1 + βP2), (1)
where β1/2 parameterizes the minimum length. The equations for tensor modes were later
analyzed numerically in [17, 18], and it was predicted that the effect on the CMBR can be as
large as σ, where σ is the ratio of the minimum length to the Hubble length during inflation,
β1/2H ≡ σ.
Quite recently it was discovered in [19] that this mechanism of implementing minimal
length in the action has an ambiguity: The usual strategy for determining the initial con-
dition requires reformulating the action and discarding a boundary term. In the absence of
minimal length, two actions that differ by a boundary term are equivalent. However, the in-
troduction of a minimal length scale renders two actions that normally differ by a boundary
term inequivalent, yielding different equations of motion. One has an infinite set of actions
that are equivalent when the minimal length is set to zero. Only experiment can adjudicate
which choice of action is preferable. Nevertheless, in [20], from the infinite number of actions
that are equivalent in the absence of minimal length, we adopt two actions for each of tensor
and scalar fluctuations. The first one is chosen by a minimalist criterion: we select the action
that is derived directly by expanding the action of a scalar field minimally coupled to gravity
without introducing any additional terms by hand. The second action, which differs from
the first by a boundary term, is chosen by the criterion of similarity with the action of a
free massive scalar field in a Minkowskian background. Such a similarity simplifies the task
of choosing the vacuum. Basically, one can choose the vacuum as one does in Minkowskian
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space-time.
A simple, near-de-Sitter background has recently been investigated in this context [20],
where it was shown that the tensor/scalar ratio, gets modified as one incorporates minimal
length. Trans-Planckian physics may or may not leave its thumbprint on this ratio depending
on the actions one chooses for tensor and scalar perturbations. Such an ambiguity was also
employed in [21] to account for the existence of cosmic magnetic fields. In this article, we
consider the implications of minimal length in a power-law background to find the possible
scale-dependence of the tensor/scalar ratio.
We will examine, in the context of the minimal length hypothesis as implemented in
[14], a firm prediction of inflationary cosmology, the consistency relation between scalar and
tensor perturbations. In the case of single-field slow-roll inflation the consistency conditions
are given in terms of equality relations, whereas for multiple-field models of inflation these
are weakened to inequalities. The first of the consistency relations states that the ratio of
the amplitude of tensor to scalar perturbations is a constant known as the tensor spectral
index [22]. We investigate how the effects of trans-Planckian physics alter this ratio and the
tensor spectral index under the considerations noted in [14]. This is in contrast to recent
work in this area in which this possibility was investigated without focusing on any specific
model of short distance physics, instead assuming that the trans-Planckian energies result
in a vacuum state that is different from the standard Bunch-Davies vacuum [23]. We shall
restrict ourselves to single-field inflation for the rest of the discussion, although our results
could straightforwardly be generalized to multiple-field inflation.
Our paper is structured as follows: first we recapitulate our results [19] for both tensor and
scalar fluctuations. Next, we study numerically the equations of motion for scalar and tensor
modes in a power-law background and derive the tensor/scalar fluctuations and the tensor
spectral index in each case. As mentioned earlier, actions that differ by a boundary term
are rendered inequivalent once one implements the minimal length hypothesis. Although
this implies an infinite amount of freedom in choosing the action for both scalar and tensor
fluctuations, there are only a few actions that have reasonable physical motivation, and
we shall confine our considerations to these cases. Specifically, we shall discuss how these
physically well-motivated but distinct actions modify the consistency relation between tensor
and scalar spectra.
4
2 Scalar and Tensor Perturbations withMinimum Length
To find the action for scalar and tensor perturbations, we expand the action of a scalar field
minimally coupled to gravity
S =
1
2
∫
(∂µφ∂
µφ− V (φ))√−gd4x− 1
16πG
∫
R
√−gd4x (2)
using the most general form of the metric with scalar and tensor fluctuations
ds2 = a2(τ)
[
(1 + 2Φ)dτ 2−( (1− 2Ψ)δij + hij )dyidyj] . (3)
where Φ and Ψ are scalar fields and hij is a symmetric tensor field satisfying transverse
traceless gauge, hii = hij
,j = 0. At the same time, we also perturb the inflaton field about
its homogeneous background value
φ(τ) = φ0(τ) + δφ. (4)
Here φ0 is the homogeneous part that drives inflation and δφ≪ φ0. Also τ is the conformal
time and a (τ) the scale factor of the inflating spatially flat background.
Using Eqs.(3) and (4) to expand action (2) to second order, the action for scalar per-
turbations can be written in terms of the intrinsic curvature perturbations of the comoving
hypersurface, ℜ = −a′
a
δφ
φ′
0
−Ψ, in the following form [19]
S
(1)
S =
1
2
∫
dτ d3y z2
(
(∂τℜ)2 − δij ∂iℜ∂jℜ
)
, (5)
where ∂i denotes differentiation with respect to spatial coordinates and
z =
aφ′0
α
, α = a′/a. (6)
The prime denotes differentiation with respect to τ . The quantity ℜ is a gauge-invariant
combination of scalar fluctuations of the metric and inflaton perturbations [24].
Incorporating the minimal length hypothesis involves retaining the action (2) as above,
but modifying the underlying position-momentum commutation relation similar to eq.(1).
Specifically, the first order form of the commutation relation in β has the form [14]:
[Xi,Pj] = i
(
2βp2√
1 + 4βp2 − 1δ
ij + 2βPiPj
)
(7)
whose Hilbert space representation can be conveniently written as
Xiψ(ρ) = i∂ρiψ(ρ) P
iψ(ρ) =
ρi
1− βρ2ψ(ρ) (8)
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where the scalar product of two quantum fields is
(ψ1, ψ2) =
∫
ρ2<β−1
d3ρ ψ∗1(ρ)ψ2(ρ) (9)
It is then straightforward to derive the cutoff modified equation of motion for the fluctuation
mode uk˜, which is [19]
u′′
k˜
+
κ′
κ
u′
k˜
+
(
µ− z
′′
z
− z
′κ′
zκ
)
uk˜ = 0, (10)
where uk˜ ≡ zℜk˜ and
µ(τ, k˜) = −a
2
β
W (−βk˜2/a2)
(1 +W (−βk˜2/a2))2 (11)
κ(τ, k˜) =
e−
3
2
W (−βk˜2/a2)
1 +W (−βk˜2/a2) . (12)
Here, W is the Lambert W -function, defined via W (x)eW (x) = x [25] and k˜i = aρie−βρ
2/2
where ρi is the Fourier transform of the physical coordinate xi. k˜i is a variable that is
equivalent to comoving momentum at large wavelengths.
Historically, the gauge invariant parameter u was introduced to rewrite S
(1)
S in the form
of an action for a scalar field with a time-dependent mass z′′/z in Minkowskian space-time
[26]:
S
(2)
S =
1
2
∫
dτd3y
(
(∂τu)
2 − δij ∂iu ∂ju+ z
′′
z
u2
)
(13)
The resemblance of S
(2)
S with the action of a massive scalar field in a Minkowskian background
simplifies the task of choosing the initial conditions. Hence, the vacuum can be chosen
following a similar procedure to that in Minkowskian space-time. The equation of motion
derived from the cutoff modified S
(2)
S is:
u′′
k˜
+
κ′
κ
u′
k˜
+
(
µ− z
′′
z
)
uk˜ = 0. (14)
The difference between S
(1)
S and S
(2)
S is a boundary term
△SS ≡ S(1)S − S(2)S =
∫
dτ d3y
d
dτ
(
z′
z
u2
)
(15)
that can be discarded as long as we have not implemented the cutoff.
However the minimal length hypothesis transforms the boundary term (15) in the fol-
lowing manner in k˜ space [19]
△SS →
∫
dτd3k˜ κ(τ, k˜)
d
dτ
(
z′
z
u2
)
, (16)
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or equivalently it adds
−
∫
dτd3k˜
dκ(τ, k˜)
dτ
(
z′
z
u2
)
(17)
to the bulk term of the Lagrangian. The difference between eqs. (10) and (14) arises from
the variation of the additional term (17).
Following [24], we define the scalar amplitude as
AS(k) ≡ 2
5
P
1/2
S =
2
5
√
k3
2π2
∣∣∣uk˜
z
∣∣∣
k˜/aH→0
. (18)
Perturbing the Einstein-Hilbert action about a homogenous, isotropic, spatially flat back-
ground as in (3), one can write down the action for tensor perturbations in the transverse
traceless gauge as [24]
S
(1)
T =
m2P l
64π
∫
dτd3y a2(τ) ∂µh
i
j ∂
µhi
j . (19)
As in the scalar case, one can rewrite S
(1)
T in the form of an action for a tensor field with
time dependent mass in a Minkowski background by introducing the new variable P ij(y) ≡√
m2
Pl
32pi
a(τ)hij(y)
S
(2)
T =
1
2
∫
dτd3y
(
∂τPi
j∂τP ij − δrs∂rPij∂sP ij + a
′′
a
Pi
jP ij
)
. (20)
where S
(2)
T differs from S
(1)
T by a boundary term
△ST ≡ S(2)T − S(1)T =
32π
m2P l
∫
dτd3y
(
αPi
j P ij
)
′
. (21)
Incorporating the minimal length hypothesis (1) into S
(1)
T and S
(2)
T respectively yields the
following equations of motion for the k˜-Fourier transform of Pij [19]
p′′
k˜
+
κ′
κ
p′
k˜
+
(
µ− a
′′
a
− a
′
a
κ′
κ
)
pk˜ = 0, (22)
p′′
k˜
+
κ′
κ
p′
k˜
+
(
µ− a
′′
a
)
pk˜ = 0. (23)
These equations of motion differ because the minimal length hypothesis implies
△ST →
∫
dτd3k˜ κ(τ, k˜)
d
dτ
(
αPi
j P ij
)
(24)
thereby modifying the boundary term eq.(21) in a nontrivial manner [19]. Following [24],
we define the tensor amplitude as
AT (k) ≡ 1
10
P
1/2
T =
1
10
√
k3
2π2
|hk˜|k˜/aH→0 . (25)
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3 Tensor/Scalar Ratio and the Violation of the Con-
sistency Relation
One can expand the ratio of tensor/scalar fluctuations in terms of the slow roll parameters
in the absence of a cut-off. To first order it is [22, 24]
r ≡ A
2
T
A2S
= ǫ (26)
where
ǫ ≡ 3φ˙
2
0
2
(
V (φ0) +
1
2
φ˙20
)
−1
=
m2P l
4π
(
Hφ
H
)2
(27)
with the φ subscript and over-dot respectively denoting differentiation with respect to φ
and the cosmic time, t, related to conformal time τ by t =
∫
adτ . Both tensor and scalar
fluctuations contribute to the anisotropy of the CMBR. Hence, to extract the characteristics
such as spectral indices for each type of fluctuation we need to know r [27, 28].
Since scalar and tensor perturbations originate from a single inflaton potential they are
not independent. A hierarchy of consistency conditions links them together [24]. It has been
argued that such conditions – if empirically verified – would offer strong support for the
idea of inflation. Observational difficulties will probably render only the first consistency
condition useful. The first of these consistency relations relates r to the tensor spectral
index, nT , defined as
nT (k) ≡ d lnA
2
T (k)
d ln k
. (28)
To first order in slow-roll parameters nT can expanded, yielding
nT = −2ǫ, (29)
and so the first-order consistency relation takes the following form
r ≡ A
2
T
A2S
= −nT
2
(30)
in the absence of a cut-off.
In presence of minimal length the relation (26) is modified
A2T
A2S
= ǫ
∣∣∣∣pkuk
∣∣∣∣
2
k/aH→0
(31)
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where uk and pk will satisfy different differential equations contingent upon the choice of
action in the presence of a cutoff. Furthermore, eq.(29) no longer holds true1.
Hence one expects that Planck scale physics will modify the consistency relation. Our
predictions of course depend on the choice of the action for tensor and scalar perturbations.
As noted above, for both tensor and scalar spectra there are two physically motivated actions,
yielding four cases of interest that we will separately analyze below.
3.1 The Mode Equations in a Power Law Background
Before presenting our numerical results for the power spectra, it will be instructive to consider
the explicit form of the mode equations (10,14,22,23). A power-law inflationary background
is described by
a(t) = tp, a(τ) =
(
τ
τ0
)q
, q =
p
1− p, (32)
where t(τ) is the cosmic (conformal) time and p > 1. Assuming that at t = 1, a(t) = 1 then
τ0 = 1/(p − 1). We will track the evolution of the modes numerically from when they are
created at the time τk˜ ≡ τ0
(
eβk˜2
)1/2q
, until τ → 0 at which point we calculate the power
spectrum. To this end, we define a new variable, y, so that τ = τk˜(1 − y). It will prove
convenient to work with the rescaled quantity k = k˜ep/2/k˜crit., where k˜crit corresponds to
the mode that crosses the horizon just before the Hubble radius reaches the minimal length
scale,
√
βH = 1. Explicitly it is given by
k˜crit = e
−1/2p(βp2)
(p−1)/2
. (33)
With these definitions, the mode equation (10) becomes
u¨k˜ −
q
1− y
W (5 + 3W )
(1 +W )2
u˙k˜ −
(
eq2k2/pW
(1− y)−2q(1 +W )2
+
q(q − 1)
(1− y)2 +
q2
(1− y)2
W (5 + 3W )
(1 +W )2
)
uk˜ = 0, (34)
where an overdot now denotes a derivative with respect to y, and the argument of the
Lambert W function is −e−1(1−y)−2q. The other mode equations (14),(22) and (23) may be
obtained by dropping the final term in the parentheses and replacing uk˜ with pk˜ as necessary.
The definition of k was chosen to remove the explicit dependence upon the minimal length,
but we now see that there is an added benefit to the choice of these variables. For large p,
to very good approximation q is −1 . In fact, actually setting q = −1 changes the equations
1We are grateful to A. Kempf for bringing this to our attention
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very little. To a very good approximation then, all the important dependence upon p occurs
through the factor k2/p. When written using the k variable the behavior of the modes is
independent of β, but following all the factors through we find that the normalization of the
power spectrum varies as β−1/2.
We start tracking the mode numerically just after it is created by solving the mode
equations approximately for small y. The approximate solution enables us to choose our
vacuum, and fix the normalization of the mode function. There is a branch cut in the
Lambert W function when its argument is −e−1, but since we will start following the mode
numerically from some small but positive y we may treat it as a removable singularity
when we determine the approximate solution, since W ∼ −1+2√−qy+O(y) as y → 0+. In
general the asymptotic solution is expressible in terms of Hankel functions. The explicit form
is dependent on the exact mode equation since it is the terms having the factor (1 +W )−2
that dominate as y → 0.
3.2 (S
(1)
T
, S
(2)
S
)
Let us first assume that the actions for tensor and scalar fluctuations are S
(1)
T and S
(2)
S ,
respectively. Since in this case uk˜ and pk˜ satisfy different equations, the tensor/scalar ratio
differs from the standard quantum field theory prediction. Solving equation (34) near y = 0
with the method of dominant balance [29] (previously employed in other studies [17, 18, 20]);
we find
pk(y) = D+ G(k, y)(1+ ξ1(k, y))(1+ ξ2(k, y))+D− G
∗(k, y)(1+ ξ∗1(k, y))(1+ ξ
∗
2(k, y)) (35)
where
G(k, y) = y3/4H−3/4(2
√
Aky)
ξ1(k, y) = −ek
2/p
6
(−qy)3/2(2− 3 log y) (36)
ξ2(k, y) =
qy2
48
(
3q(16− 59ek2/p) + 4i(2 + ek2/p)(3i+ 7q2
√
2 + ek2/p) + 42qek2/p log y
)
and
Ak = −q
4
(
2 + ek2/p
)
. (37)
The quantities D− and D+ are constrained by the Wronskian condition which implies:
|D+|2 − |D−|2 = −ηk˜π
√−qe−3/2. (38)
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In a near de-Sitter background if D−/D+ goes to zero when β → 0, then the standard QFT
result can be recovered [20]. However if D−/D+ is constant in this limit, one cannot recover
the standard QFT result as β → 0 [18]. We conjecture that the same type of reasoning is
valid in a power-law background, and therefore we still have freedom in choosing the vacuum.
We shall proceed with the choice D− = 0, which corresponds to a Bunch-Davies-like vacuum.
This analytic solution can then be used as an initial condition to numerically integrate
the differential equation from a point in the vicinity of the singular point until τ ≈ 0. At
this point, we extract the late time amplitude of uk˜. Figure 1 illustrates our results for
the tensor amplitude for p = 500. This value of p is consistent with recent observations
indicating that, the scalar spectral index, nS, which for a power-law background in the
absence of minimal length happens to be 1− 2/p, is greater than 0.95 [31]. We also assume
that β = 1002, which corresponds to a minimal length 100 times larger than Planck scale.
This is a reasonable assumption in the framework of scenarios of large extra dimensions [30].
We see that the standard tensor power spectrum is modulated by oscillations, corresponding
to a slow decrease in H as the universe expands. Increasing p (though still working with the
rescaled variable k) does not change the qualitative features of the power spectrum, it only
results in a shift of the log k axis to the left. Since k appears in the mode equation as k2/p and
k˜crit scales as p
p this rescaling of the axis can have a significant effect on the spectrum when
we compare power spectra for different p with a common set of units for k˜. As p increases,
the wavelength of the oscillations increases [18]. Also, as k increases the frequency of the
oscillation increases, though the amplitude decreases. As expected, when k →∞, we recover
the standard field theory result. The left graph in Figure 1 illustrates the power spectrum
for the modes that have a larger amplitude than those seeding the structure formation in
Hubble patch. In the right graph we plot a window of k where the amplitudes are of the
same order as the modes that are precursors to structure formation, 10−5 ≤ P 1/2S ≤ 10−4
[18], or equivalently with p = 500, 10−7 ≤ AT ≤ 10−6.
On the left in Figure 2 we plot the tensor spectral index for the range of wavelengths that
lie outside our horizon. The existence of minimal length yields running from a blue to a red
spectrum on such scales. This happens despite the fact that ǫ, the first slow roll parameter,
does not have a local minimum. This is a counterexample to generic result of [32], which
claimes that if the spectral index is to run from a blue to a red spectrum there must be a
local minimum in the slope of the potential. On the right in Figure 2, we graph nT in the
observable range of k. While we see the expected oscillations about the standard value, the
large k behavior is now more difficult to understand. The increasing frequency of oscillations
11
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Figure 1: In these figures we assume that tensor perturbations are described by S
(1)
T . The
left graph shows the dependence of AT on log k for p = 500 and β = 10
4. k = 1 corresponds
to kcrit(500). The large modulation corresponds to physical scales much larger than our
horizon. On the right, we plot the tensor amplitude with a window of k whose amplitudes
are of the same order as the modes that originated the structure formation in our universe.
for the tensor power spectrum results in a growth of both the amplitude and frequency of
the oscillations. Current measurements put a lower bound of 40 on p [31]. With such a
weak lower bound, the frequency of the oscillations is very small. As any measurement of
the spectral index is taken over a finite range of k, one would not be able to detect such
oscillations. Taking small intervals centered at successively larger values of k we would find
that the average value of nT over the interval approaches the standard field theory result.
To be able to detect these oscillations one needs extremely precise measurements. This
oscillationary behavior of the spectral index is quite distinct from another model of trans-
Planckian physics based on the non-commutativity of physical time and space coordinates
[33]. For such such a model, it was shown that the spectral index runs from n > 1 on large
scales to n < 1 , where transition happens on scales close to H−10 [34, 35, 36, 37].
Assuming that the action for scalar perturbations is described by S
(2)
S , the scalar modes
satisfy eq.(23). Exploiting the dominant balance technique, we again extract the most sin-
gular terms in the mode equation in the vicinity of the irregular singular point with the
approximate solution:
uk(y) = C+ F (k, y)(1+ ǫ1(k, y))(1 + ǫ2(k, y)) +C− F
∗(k, y)(1+ ǫ∗1(k, y))(1 + ǫ
∗
2(k, y)), (39)
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where
F (k, y) = y3/4H−3/4(2
√
Bky)
ǫ1(k, y) = −ek
2/p
6
(−qy)3/2(2− 3 log y) (40)
ǫ2(k, y) = −qy
2
48
(
48(1− q) + 28iqe3/2k3/p + 3ek2/p(4 + 59q − 14q log y) .
and Bk is given by
Bk = −q
4
ek2/p. (41)
Again, we have a constraint on the integration constants C+ and C− from the Wronskian
condition:
|C+|2 − |C−|2 = −ηk˜π
√−qe−3/2. (42)
In the rest of the analysis, we choose C− = 0, to have a Bunch-Davies-like vacuum. However,
we emphasize that this choice is not unique and there is still a considerable amount of freedom
in the choice of C−. Specifically, inspired by our analysis in near-de-Sitter space [20], we
conjecture that if
lim
β→0
C−
C+
= 0, (43)
we recover the standard result.
This approximate solution is again used to set the initial conditions for a numerical
integration of the mode equation. The qualitative behavior of the scalar power spectrum
is found to be similar to that found for the tensor modes. In Figure 3 we have plotted the
tensor/scalar ratio for p = 500 and β1/2 = 100. The main effect of the different action for
the scalar perturbations in this case appears to be a slight “compression” of the oscillations
to smaller k. This compression causes the tensor/scalar ratio to oscillate in the observable
window of k about the constant value we expect to find when there is no minimum length.
This is depicted on the right graph in Figure 3. Knowing this ratio is important if one is to
understand the contribution that each of these types of perturbation makes to the anisotropy
of the CMBR [27]. In Fig.3 we see from the left graph that the ratio stays constant at a
value less than the standard QFT result for small values of k that correspond to wavelengths
outside our horizon. For increasing k it attenuates until reaches a minimum, after which it
increases to a value much higher than the standard result. Thereafter it starts oscillating
about the standard QFT predictions. The amplitude of the oscillations dies off as k increases.
Notice also that A2T/A
2
S is suppressed relative to nT by an order of magnitude, implying in
general a violation of the consistency relation (30).
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Figure 2: S
(1)
T is assumed to be the action of tensor fluctuations. Left graph shows the
dependence of nT on log k for wavelengths far bigger than our horizon. β and p are assumed
to be 104 and 500, respectively. The horizontal line represents the result when there is no
minimum length. On the right we have graphed nT in the observable range of k.
This behavior for the tensor/scalar ratio was anticipated from our earlier calculations in
near de-Sitter background [20], using S
(1)
T for tensor and S
(2)
S for scalar perturbations. In
near de-Sitter space for small values of σ ≡ √βH , the ratio oscillates around the quantum
field-theoretic prediction. For a fixed value of minimal length, this corresponds to small
values of the Hubble parameter. As in a power-law background, short wavelength modes
(large k) experience a slower rate of expansion, and so we expect oscillationary behavior in
this region. Larger wavelengths are generated at the beginning of inflation, when the Hubble
parameter (and in turn σ) were larger. For such wavelengths, this ratio is almost constant in
a near de-Sitter background. In a power-law background for such values of k we see (Fig.2)
that the ratio is constant.
3.3 (S
(2)
T
, S
(1)
S
)
In this section, we assume that tensor and scalar perturbations satisfy eqs.(23) and (10)
respectively. In a power-law background, z′′/z = a′′/a [24] and z′/z = a′/a [20] so the
equation describing scalar (tensor) perturbations is the same as the one describing tensor
(scalar) perturbations in section 4.1. From equation (31), one can deduce that r/ǫ now is
just the inverse of r/ǫ from the last section.
In Figure 4 we show the tensor spectral index derived from the action S
(2)
T overlaid on
that found from S
(1)
T . Again, we note that the removal of the third term in parentheses
of (34) causes a compression of the oscillations to smaller values of k, but the magnitude
of oscillations is still larger than those of A2T /A
2
S by an order of magnitude, indicating in
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Figure 3: We assume (S
(1)
T , S
(2)
S ) respectively describe tensor and scalar fluctuations. The
left figure shows r for p = 500 and β = 1002 for wavelengths far bigger than our horizon. On
the right we plot the ratio of tensor to scalar fluctuations, in the observable window of k.
general that the consistency condition is still violated.
3.4 (S
(1)
T
, S
(1)
S
) and (S
(2)
T
, S
(2)
S
)
For both of these cases the mode equations for tensor and scalar fluctuations are identical. We
therefore recover the standard field theory result for the ratio A2T/A
2
S. The tensor spectral
index has already been presented in Figures 1 and 3. Again the oscillations about the
standard result indicate there are violations of the consistency condition.
3.5 β dependence of fluctuations
Up until now we have been working with a rescaled variable that allows us to study the
generic behavior for any β. Recall that the definition of our variable k involves β dependence
of the form k ∼ β(p−1)/2k˜ and there is an overall factor of β−1/2 in the normalization of the
power spectrum. One may then qualitatively compare our results for different values of β
by noting that, up to normalization, changing β just corresponds to a shifting of the log k
axis. For example, a value of β = 1002, causes the spectra of Figures 1, 2 and 3 to shift to
the left relative to the β = 5002 results. For a given k˜ the net result is that the size of the
fluctuations about the standard field theory result are suppressed.
To be more exact, we may parameterize the tensor power spectrum as A2T = A
2
T,qft(1 +
δAT (β, k)), where AT,qft is the standard quantum field theory result for the tensor power
spectrum. In Figure 4, for action S
(2)
T , we plot δAT (β, k) for β = 500
2 and β = 1002 written
in units where k = 1 corresponds to k˜ = ep/2/k˜crit for β = 100
2. We find that the size
of the oscillations and their wavelength both appear to vary as β1/2, the only dimensionful
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Figure 4: In the figure on the left, we overlay the tensor index for the power spectra obtained
from S
(1)
T (solid) and S
(2)
T (dashed). On the right, we have graphed δAT , modifications to
the standard quantum field theory prediction due to the presence of minimal length, for
β = 5002 (solid line) and β = 1002 (dashed). Here, we have assumed that S
(2)
T describes the
action for tensor perturbations and p = 100.
parameter in the problem.
4 Conclusion
In this article we investigated the consistency relation between tensor and scalar fluctuations
in the framework of power-law inflation with a cut-off due to minimal length. Since the
method of implementing the minimal length hypothesis (1) depends on the action one starts
from, there is a choice amongst an infinite number of actions that in the absence of minimal
length are otherwise equivalent. However there are only two physically reasonable cases for
both scalar and tensor perturbations: that of minimality (add no boundary terms to the
original action) and that of simplicity (add terms such that the modified action most closely
resembles the action of a free massive scalar field in a Minkowski background). This yields
four distinct cases and we investigated each for a choice background consistent with recent
observations that constrain the magnitude of the scalar spectral index.
Confining our attention to these cases, we found that Planck scale physics can consider-
ably modify the consistency condition (30) and can lead to the running of spectral indices
regardless of which action one employs. Depending on the choice of action for tensor and
scalar perturbations, we may find that the tensor/scalar ratio oscillates (in the observable
window of k) about the constant value we expect to find in the absence of minimal length.
However the magnitude of the modifications depends upon the choice of action. Constraining
this choice – both observationally and theoretically – remains a challenge for future studies.
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